We establish a few formulas that compute the volume of the zero-set (or nodal set) of a function on a compact Riemannian manifold as integrals of functionals of the function and its derivatives.
and
Remarks. 
By "F (u)
∼
Since Z f is negligible and div
∈ L 1 (M )" and similarly for Item 2.
3. In the last three formulas, all terms of the integrands are bounded on M and continuous on M \ Z f . Indeed, the Hessian expressions are quadratic in ∇ f , the arctan and tanh expressions are linear in ∇ f when ∇ f is small, and the cosh expression is exponentially small in |f | when |f | is small. However, not all terms need be continuous on M . This problem is treated in the next section.
4. The cases considered in [2] correspond to M = (R/Z) n with the standard flat metric. In particular, Formula (7) is essentially [2, Prop. 5] (in the case of (R/Z) n with the standard flat metric). 6. It is possible to extend these results to compact Riemannian manifolds with corners, assuming that Z f intersects ∂M transversely. The proof goes along the same lines as below, using a divergence theorem on compact manifolds with corners. Boundary terms will appear in the formulas. For instance, Formula (3) becomes
This formula reduces in dimension 1 to [2, Prop. 3].
7. Some degenerate functions are considered in [2, Prop. 4]. For instance, the 1-dimensional version of Formula (8) holds for any f ∈ C 2 (R/Z, R) such that for any x ∈ R/Z there exists r ∈ N such that f (r) (x) exists and is nonzero.
Proof of the results
Let (M, g) be a compact n-dimensional Riemannian manifold with boundary. Its metric will also be denoted by −, − and the associated norm by − . We denote by ∇ lc its Levi-Civita connection. Let vol M be the Riemannian density on M and vol ∂M be the induced density on ∂M . Let v ∈ Γ(T M | ∂M ) be the unit outward normal vectorfield. The symbol vol will denote the volume of (n − 1)-dimensional submanifolds.
The gradient of a function f ∈ C 1 (M, R) is defined by ∇ f : 
Proof. If X is of class C 1 on M , then this is the standard divergence theorem. Else, we consider the geodesic flow from the boundary of M along the unit normal vectorfield. For ε > 0 small enough, set
For ε small enough, M ǫ is a compact submanifold with boundary of M , and θ ε is a diffeomorphism onto ∂M ε . Applying the standard divergence theorem on M ε , one obtains
The right-hand side is equal, by change of variable, to ∂M θ * ε X, v (det T θ ε )vol ∂M , which converges to ∂M X, v vol ∂M since the integrand is uniformly convergent and ∂M is compact.
We can now prove the main theorem. 
Proof of 1. Let
For all j ∈ J, its restriction to A j extends continuously to A j = A j ∪ k∈b(j) Z k and is equal to the unit inward normal vectorfield on the boundary. The divergence theorem applied to this extension on A j gives
Therefore, summing over j ∈ J, one obtains
the factor 2 coming from the fact that each Z i borders exactly two A j 's.
